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Semi-local units modulo global units
(Takae $\mathrm{T}\mathrm{s}\mathrm{u}\mathrm{J}\mathrm{I}$ )
\S 0
$p$ , $\mathrm{Q}_{\infty}/\mathrm{Q}$ $\mathrm{Z}_{P}$- ,
$\bigcup_{n\geq 0}\mathrm{Q}(\mu_{p}n)$
$\mathrm{Q}$ 1
$\mathrm{Z}_{P}$- . $\mu_{P^{n}}$ 1 $p^{n}$ . $K/\mathrm{Q}$
Abel , $K\cap \mathrm{Q}_{\infty}=\mathrm{Q}$ . $K_{\infty}/K$ $\mathrm{Z}_{p}$- ,
$K_{\infty}=K\mathrm{Q}_{\infty}$ , $n\geq 0$ $K$ $p^{n}$ $K_{\infty}/K$ 1
$K_{n}$ . $K_{n}$ ideal $p \frac{-}{}\mathrm{s}_{\mathrm{y}}1\circ \mathrm{w}$ $A_{h_{n}’}$ , $X:= \lim_{arrow}A_{h^{r}}\eta$
.
. Norm . $x$ $\mathrm{G}\mathrm{a}1(K_{\infty}/\mathrm{Q})$ Zp-
, $\Gamma=\mathrm{G}\mathrm{a}1(K_{\infty}/K),$ $\triangle=\mathrm{G}\mathrm{a}1(K/\mathrm{Q})$ , $\mathrm{G}\mathrm{a}1(K_{\infty}/\mathrm{Q})\simeq\Gamma\cross\triangle$ .
$\Gamma$
$\gamma_{0}$ , $T$ $\mathrm{Z}_{p}$ * $1+T$
A: $=\mathrm{Z}_{\mathrm{p}}[[T]]\simeq.\mathrm{z}_{P}[[\Gamma]]$ . , $X$ $\Lambda[\triangle]-$
. $X$ A , A-torsion
. , $J\in\triangle$ , $\mathrm{Z}_{P}[\triangle]$ - $M$ , $M^{\pm}:=(1\pm J)M$
.
$X^{-}$ $\Lambda[\triangle]$ - .- $X^{-}$
$\Lambda[\triangle]$- , $X^{-}$
. $x$ $K_{\infty}$ $p$ Abel $p$– Galois , $\mathcal{U}_{\infty}$
semi-local units , $\mathcal{E}_{\infty}$ glob units (
\S 1 ). canonical
$0arrow(\mathcal{U}_{\infty}/\mathcal{E}_{\infty})^{+}arrow X^{-+}$ $arrow X^{+}$ $arrow 0$ (1)
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. $K$ 1 $P$ $\zeta_{P}$ $X^{+}$
.
$\dot{X}^{-}$ pseudo-isomorphism
. pseudo-isomorphism kernel, cokernel
, $X^{+}\sim\dot{X}^{-}$ . ”. ” ;
$\kappa$ : $\Gammaarrow 1+p\mathrm{Z}_{p}$ . ,
$\zeta\in\mu_{p^{\infty}}:=\bigcup_{\geq n0}\mu_{P^{n}}$
$\gamma\in\Gamma$
$\gamma(\zeta)=\zeta^{\kappa(\gamma)}$ , $\dot{T}:=\kappa(\gamma_{0})(1+T)^{-1}-1\in\Lambda$ . $\dot{X}^{-}$ $T$
$\dot{I}^{1}$ , $\delta\in\triangle$ \mbox{\boldmath $\omega$}(\mbox{\boldmath $\delta$})\mbox{\boldmath $\delta$}-1 A[\triangle ]- .
$\omega$ Teichm\"uller character . – $X^{+}$ .
– $\mathrm{Z}_{P}$- ideal p–Sylow
, Greenberg . , $X^{+}$
$n\geq 0$ $|A_{K_{n}^{+}}|$ , .
, $X^{+}$ , $(\mathcal{U}_{\infty}/\mathcal{E}_{\infty})^{+}$ $X^{-}$
. $(\mathcal{U}_{\infty}/\mathcal{E}_{\infty})^{+}$ $\Lambda[\triangle]$- , $X^{-}$




$v$ $K_{\infty}$ $p$ , $n\geq 0$ $K_{n,v}$ $v$ $K_{n}$
$K_{n}$ , $\mathrm{Q}_{\mathrm{v}}$, pincipal units, ideal 1
, $U_{n,v}$ $-$
$=. \prod_{v|p}U_{n,v}$.
. $v$ $K_{\infty}$ $p$ . $K_{n}$ $E_{n}$
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$K_{n} arrow\prod_{v|p}K_{n,v}$
– , $E_{n}$ & .
$\mathcal{U}_{\infty}:=\lim_{arrow}\mathcal{U}n’ \mathcal{E}_{\infty n}:=\lim_{arrow}\mathcal{E}$
. , Norm .
$\mathcal{E}_{\infty}$ $\mathrm{G}\mathrm{a}1(K_{\infty}/\mathrm{Q})$ $\mathrm{Z}_{P}$- , A[\Delta ]-
.
:
$P$ . $K$ $\mathrm{Q}$ Abel , $K$ $P$ tamely ramified
. $(\mathcal{U}_{\infty}/\mathcal{E}_{\infty})^{+}$ cyclic A[\triangle ]\rightarrow .
\S 0 , $\zeta_{p}\in K$ , $X^{+}\sim\dot{X}^{-}$
. , $K/\mathrm{Q}$ Abel $\mathrm{A}[\triangle]$- $X^{+}\sim\dot{x}^{-}$
. (1) , $X^{+}$
, $\Lambda[\triangle]$ - $(\mathcal{U}_{\infty}/\mathcal{E}_{\infty})^{+}$ $X^{-}$
. :
(Greenberg) $\zeta_{p}\in K$ , $X^{+}$ . $X^{-}$
cyclic A[\triangle ]- .
, Greenberg[Gr2, Theorem 5]
. $X^{+}$ Greenberg ,
, $X^{+}$ .
”
$X^{-}$ cyclic $\mathrm{A}[\triangle]$- ”
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. cyclic $\mathrm{A}[\triangle]$ - pseudo-cychic
A[\triangle ]- .
Abel $K/\mathrm{Q}$ 1 $X^{-}$
pseudo-cyclic $\mathrm{A}[\triangle]$- Stickelberger .
, $X^{-}$ pseudo-cyclic $\mathrm{A}[\triangle]$- – ,
Abel $\mathrm{M}\mathrm{a}\mathrm{z}\mathrm{u}\mathrm{r}_{-\mathrm{W}}\mathrm{i}1\ominus \mathrm{S}$ .
$L$ . $\chi$ $\overline{\mathrm{Q}}_{p}^{\cross}$ $\triangle$ , Dirichlet
. $\chi\neq\omega$ odd $(\chi(-1)=-1)$ $L_{\mathrm{p}}(s, x^{-1}\omega)$ Kubota-Leopoldt p-
$I_{\lrcorner}$ , $g_{\chi}(T)\in \mathcal{O}_{\lambda}[[T]]$ $s\in \mathrm{Z}_{P}$ $g_{\lambda}(\kappa(\gamma 0)S-1)=Lp(s, \chi^{-1}\omega)$
* . $\mathcal{O}_{\chi}$ $\mathrm{Z}_{P}$ $\chi$ .
, $g_{\chi}(T)=0$ $X^{-}$ pseudo-cyclic $\Lambda[\triangle]-$
. , $g_{\lambda}.(T)=0$
.
\S 2 A[\triangle ]-
$K$ $p$ tamely ramified . $p=2$ . $D$
$K/\mathrm{Q}$
$p$ , $K_{\infty}$ $p.\text{ _{ } }$ $v$ . $\mathrm{Q}_{\infty}/\mathrm{Q}$ $p$




$:= \prod_{v|p}Un,v\simeq Un,v.\otimes \mathrm{z}_{\mathrm{p}}\mathfrak{s}D$
.
$1\mathrm{Z}[p\triangle]$
. $\mathrm{Z}_{p}[\triangle]$ $\mathrm{Z}_{\mathrm{p}}[\mathrm{D}]$ , $\Lambda[\triangle]-$
$\mathcal{U}_{\infty}\cong U_{\infty,v}\otimes \mathrm{z}[D\mathrm{J}\mathrm{z}[\mathrm{p}p\triangle]$ (2)
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. ,v $= \lim_{arrow}U_{n,v}$ . $\mathrm{A}[\triangle]$- $U_{\infty,v}$
$\mathrm{A}[D]$- . :
$l^{-}$ 1 $U_{\infty,v}$ $\mathrm{A}[D]$- $U’$ , $U’\simeq\Lambda[D]\oplus(\Lambda/(\dot{T}))^{r}$ ,





$K_{n,v}$ $\overline{K}:=\lim Kn,vn,v/\cross(K\cross)^{p}arrow n,?)n$ Norm
Y $:= \lim_{arrow}\overline{K_{n,v}}$ . , $\mathrm{Y}$ $K_{\infty,v}$
Abel p– $K_{\infty,v}$ Galois , $Y$ Galois –
, Galois . $Y$ A- Iwasawa [Iw2,
Theorem 25] . , $|]_{\infty,v}$ $Y$ $\mathrm{Z}_{p}$ (Galois
trivial) , $Y$ .
, (2) 1 :
2 $\mathcal{U}_{\infty}$ $\mathrm{A}[\triangle]$- $\mathcal{U}’$ , $\mathcal{U}’\simeq\Lambda[\triangle]\oplus((\Lambda/(\dot{\tau}))\otimes_{\mathrm{Z}_{p\mathrm{l}}D}\mathrm{J}\mathrm{Z}p[\triangle])^{r}$
, $a\geq 0$ $p^{a}\mathcal{U}_{\infty}\subseteq \mathcal{U}’$ . $r$ $\in K_{\mathrm{e})}$ 1
. $0$ .
( 1) $K/\mathrm{Q}$ $p$ , $\mathrm{A}[\triangle]$ - $\mathcal{U}_{\infty}$ Iwasawa [Iwl]
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Gillard [Gi] 2 $\mathcal{U}’$
. , $\triangle$-decomposition , $\Phi$ $\mathrm{Q}_{p}\text{ }\triangle$ ,
* $e_{\Phi}= \frac{1}{|\triangle|}\sum_{\delta\in\triangle}\Phi(\delta)\delta-1$ $\mathrm{Z}_{P}[\triangle]$ , $\mathcal{O}_{\chi}[[T]]$- $e_{\Phi}\mathcal{U}_{\infty}$
. $\mathcal{O}_{\chi}$ $\Phi$ $\chi$ 1 , $\mathrm{Z}_{P}$ $\chi$
. , $K/\mathrm{Q}$ $p$
.




$0arrow \mathrm{Z}_{l^{)}}(1)^{\mathit{9}}arrow \mathcal{U}_{\infty}arrow O_{F}[[\mathrm{G}\mathrm{a}1(k\infty/F^{7})]]arrow \mathrm{Z}_{p}(1)^{\mathit{9}}arrow 0$
(cf. [C2], [G]). $.q:=[\triangle\cdot. D]$ .
\S 3
$(\mathcal{U}_{\infty}/\mathcal{E}_{\infty})^{+}$ $\mathrm{A}[\triangle|$- pseudo-cycfic
, $\mathrm{A}[\triangle]$ - pseudo-cyclic .
$\mathrm{A}[\triangle]$ - A- pseudo-cyclic A-
.
$M$ torsion A- . –
:
$–.$ . $t$ $\text{ }.$ .
$M \sim\bigoplus_{i=1}\Lambda/\wp_{i^{e}}i$ . (3)
$\wp_{i}$ , $1\leq i\leq t$ , A 1 . A 1
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$p$ ideal $(p)$ distinguished $f(T)$
ideal $(f(T))$ \vdash .
A 1 \wp \neq \wp ’
$\Lambda/\wp\cdot\wp’\sim\Lambda/\wp\oplus\Lambda/\wp’$ , $\Lambda/\zeta \mathit{0}\oplus\Lambda/\wp’\sim\Lambda/\wp\cdot\wp’$
. $M$ (3)
$M$ pseudo-cychic A- $\Leftarrow\Rightarrow$ $i\neq i,$ $1\leq i,$ $i\leq t$ , $\wp_{i}\neq\zeta \mathit{0}_{j}$
. A 1 \wp , A $\wp$ A3
, $M_{\wp}=M\otimes_{\Lambda}\Lambda_{\wp}$ , $\wp_{i}\neq\wp_{j}$ $(\Lambda/\wp_{i}^{e_{i}})\otimes_{\Lambda}\Lambda_{\wp j}=0$
,
$M$ pseudo-cyclic A- $\Leftrightarrow$ $1\leq i\leq$
.
$t$ , $M_{\wp_{i}}$ cyclic A\wp ’-
. , A[\triangle ]-
:
$M$ $\mathrm{A}[\triangle]$ - , A- (3) . $\mu(M)$ $:=$
$\sum e_{i}=0$ , 2 .
$\wp_{i}=(p)$
a) $M$ pseudo-cychic A[\triangle ]- .
b) $1\leq i\leq t$ , , $M_{\wp_{i}}$ ( cychhc $\Lambda_{\wp_{i}}$ [\triangle ]-xI .
$(\mathcal{U}_{\infty}/\mathcal{E}_{\infty})^{+}$ . $(_{p}\not\in K$ $\zeta_{p}\in K$




, Abel $\mu(x-)=0$ Ferrero-Washington [F-W]
. , A 1 \wp , $((\mathcal{U}_{\infty}/\mathcal{E}\infty)+-)_{\wp}$
cyclic A\wp [\triangle ]- .
$\wp\neq(\dot{7}^{\tau}),$ $(p)$ 2 , A\wp [\triangle ]-
$.(\mathcal{U}_{\infty})_{\wp}\cong\Lambda_{\wp}[\triangle]$
. $\wp=(\dot{T})$ . $((\mathcal{U}_{\infty}/\mathcal{E}_{\infty})^{+})_{(\dot{\tau})}$ $(X-)_{(\tau)}$
, Greenberg[ $\mathrm{G}\mathrm{r}1|$ , Iwasawa [$\mathrm{I}\mathrm{w}2|$ Sinnott[S]
$(X-)_{(\tau)}$ cyclic $\Lambda_{(\tau)}.[\triangle]$- .
\S
$K/\mathrm{Q}$ – Galois ,
. , $(\mathcal{U}_{\infty}/\mathcal{E}_{\infty})^{+}$ pseudo-cyclic –
.
$K/\mathrm{Q}$ Galois , $\triangle:=\mathrm{G}\mathrm{a}1(k/\mathrm{Q})$ . $K/\mathrm{Q}$ $p$
$I\mathit{3}$
$p$ . $\mathrm{Z}_{p}$- $K_{\infty}/K$ semi-local




. I $\zeta_{p}\in K_{v}$ 1 , $0$ .
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